Multiple-path interferometer with a single quantum obstacle 
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We consider the scattering of particles by an obstacle which tunnels coherently between two posi- 
tions. We show that the obstacle mimics two classical scatterers at fixed positions when the kinetic 
energy e of the incident particles is smaller than the tunnel splitting A: If the obstacles are arranged 
in parallel, one observes an interference pattern as in the conventional double-slit experiment. If 
they are arranged in series, the observations conform with a Fabry-Perot interferometer. At larger 
e inelastic processes result in more complex interference phenomena. Interference disappears when 
e ^ A, but can be recovered if only the elastic scattering channel is detected. We discuss the 
realization of a quantum obstacle in mesoscopic systems. 
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In the familiar double-slit experiment a beam of parti- 
cles is sent through two slits in a plate and the transmit- 
ted intensity is observed on a screen. One finds an inter- 
ference pattern, thus demonstrating the coherent super- 
position of the two possible scattering paths. The same 
result is obtained for the reflection from obstacles, e.g., 
the bars of a reflection grating. 

In these experiments the slits or bars only play a pas- 
sive role. In this paper we consider scattering by a single 
obstacle, which, however, is by itself a quantum object 
with states that correspond to different locations (see Fig. 
|l|). Allowing for superpositions of these states, we have 
an obstacle that is delocalized in space. Which reflection 
or transmission pattern is then observed on the screen? 
What we will demonstrate here is that the quantum ob- 
stacle may act as a collection of classical scatterers, in 
that one observes the corresponding interference pattern 
on the screen. The condition for interference is that the 
tunnel splitting A is of order or larger than the kinetic 
energy e of the incident particles. This suggests the inter- 
pretation that the obstacle has to tunnel quickly enough 
in order to give the particles a choice of the path. For 
A <C e the interference pattern from the obstacle disap- 
pears, but can be recovered if only the elastic scattering 
channel is detected. (It is also recovered by coincidence 
detection of the final state of the obstacle in its delocal- 
ized eigenbasis.) 

The double slits or bars are two scattering elements put 
in parallel. We contrast this with the one-dimensional 
problem of two barriers arranged in series — a Fabry-Perot 
interferometer. The quantum analogue is an obstacle 
which tunnels between two locations along the propa- 
gation direction of the incident particles. We solve ex- 
actly the one-dimensional model with a repulsive con- 
tact interaction (delta- function potential U5{x)) and find 
transmission resonances for A > e, hence again that 
the quantum obstacle acts as two classical obstacles if 
it tunnels quickly enough. In the limit of large interac- 
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FIG. 1. Scattering of a particle by a delocalized obstacle 
which tunnels between two positions (solid and shaded dot). 
Left panel: double slit, the obstacle provides two scattering 
paths in parallel. The lines indicate fronts of the wave func- 
tion. Right panel: Fabry-Perot interferometer, the obstacle's 
positions are arranged in series. The solid and dashed curves 
indicate the scattering potentials. The problem is solved by 
matching the waves in the regions I, II, and III. 



tion strength U and sufficiently large separation between 
the positions of the obstacle, the transmission amplitude 
becomes identical to the transmission amplitude of the 
Fabry-Perot interferometer. In general, the transmission 
probability remains finite even if the barrier strength U 
is infinite. At smaller tunnel splitting one finds a rich 
behavior of the transmission probability due to multiple 
inelastic scattering. These results are further illuminated 
by the delay time, a measure of the interaction time [Q. 

Let us first consider the 'parallel' quantum scatterer 
in three dimensions, which hops between two positions 
R-i ~ ro/2 (internal state |1)), R2 = — ro/2 (internal 
state 1 2)), with separation Tq. The eigenstates of the 
scatterer are the symmetric and antisymmetric combina- 
tions \s) = 2-i/2(|i) + |2)) and \a) = 2-i/2(|i) _ |2)), 
respectively. The corresponding eigenenergies T^/2 dif- 
fer by the tunnel splitting A > 0. (As usual we assume 
that the ground state is the symmetric state \s).) This 
gives rise to tunneling of the scatterer between the two 
positions at a frequency u — A/h. The incident particle 
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with coordinate r interacts with the scatterer at position 
Rfc through a potential Vfc(r) = V{r — R^) which de- 
pends only on its relative position to the scatterer. The 
Hamiltonian describing the total system composed of the 
particle and the scatterer can then be written as 



H 



W 



El 

2m 

W = l/i(r)|l)(l| 



A 



[|1)(2| + |2)(1|], 



^2(r)|2)(2|. 



(1) 



Here p is the momentum operator of the particle of mass 
m. The plane-wave eigenstates |k) are denoted by their 
wave vector k = p/S. 

We assume that the scatterer is initially prepared in 
its ground state |s) (preparation in its excited state \a) 
is equivalent to the case A < 0; superpositions result in 
nonstationary behavior). In the limit of a weak interac- 
tion we can apply the Born approximation and obtain 
the probability of scattering from the initial state |ki) 
into the final state |kt) by summing the probabilities for 
each final state of the scatterer: 



Pi 



ki^kf 



kf;a|W^|s;ki)|'<5(ei-£f- A)}. (2) 



For of a short-ranged potential of the form V{r) = US (r) 
the probability reads 



^'k.^kf = ^C/2[cos2 (Ak • ro/2) S {e, - et) 
+ sin2 (Ak-ro/2)<5(£i-ef- A)], 



(3) 



where Ak = ki — kf. Interference with full contrast is 
observed when the energy Si of the incoming particle is 
smaller than A, because then the argument of the second 
delta function is always negative (inelastic processes are 
forbidden). In this situation the quantum scatterer acts 
as two classical scatterers of fixed positions Ri and R2, 
since Pki^kf ~ cos^ (Ak • Tq/ 2). On the other hand, 
interference is lost if the kinetic energy of the incident 
particles Ei ^ A The interference pattern can be 
recovered if one only detects the elastic scattering channel 
(by means of energy-resolved detection at energy e) . 

Now we turn to the 'serial' quantum barrier, which 
hops in the propagation direction of the scattered par- 
ticle. In the case of one-dimensional scattering (plane- 
parallel barriers, or confined propagation) and for the 
delta-function potential Vi{x) = U5{x — L/2), V2{x) — 
US{x + L/2), this scattering problem can be solved ex- 
actly. [The problem is defined by the Hamiltonian given 
in Eq. with these potentials and p^ replaced by 
= —h^d^/dx^.] In order to simplify the notation we 
use units fi^ /2m = 1, such that the kinetic energy e = fc^. 

Before we present the solution, let us briefly recall the 
results for the conventional case of immobile barriers. For 
a single immobile barrier of strength U the transmission 
and reflection amplitudes at wave number k are given by 



t = 



l + iU/2k 



and r = 



iU/2k 
l + iU/2k' 



(4) 



respectively, such that the reflection probability ap- 
proaches unity when U ^ \k\. When two such immobile 
barriers are placed in series with separation L they form a 
Fabry-Perot interferometer, with transmission amplitude 



t 



P + ikU + C/2[exp(2iA:L) - l]/4' 



(5) 



For a large finesse of the interferometer {U/k > 1) one 
finds the well-known transmission resonances close to in- 
teger values of kL/ir. 

The quantum scatterer is delocalized, giving rise to 
a number of additional resonance and interference ef- 
fects. In order to explore these effects we solve the sta- 
tionary scattering problem for electrons with momentum 
fc > incident from the left, while the scatterer is pre- 
pared in the eigenstate | s) , hence giving the total energy 
E = e — A/2. Under conservation of this energy, the elec- 
trons can be reflected or transmitted either elastically or 
inelastically, where in the latter case the outgoing elec- 
trons have momentum ±g, with q = y/e — A, and the 
scatterer is excited into the state \a). 

The scattering probabilities and phase shifts can be 
determined via wave matching of the wavefunctions 

<f>a = (aae*'^" + 6ae-''=")|s) + (c^e'*" + d„e-^?")|a) (6) 

at the boundaries of the three regions a = I for x < 
~L/2, a = II for -L/2 < x < L/2, and a = HI for 
X > L/2 (see Fig. p. The resulting linear system of 
equations is then solved for bi, di, am, and cm as a 
linear function of aj (which we set to unity), under the 
conditions ci — bm — dm = 0, because no electrons are 
coming in with momentum q, or from the right. (For 
the case e < A we use the convention Imq > 0, so 
that the wavefunctions with coefhcient di and cm de- 
cay exponentially with the distance to the scatterer.) 
The coefficients (which are lengthy algebraic expressions 
and hence not written down here) determine the elas- 
tic and inelastic transmission and reflection probabilities 
by Tel = lamp, Tinei = (Re<z/fc)|cmP, -Rei = and 
-Rind = {Kcq/k)\di\'^ . (The inelastic scattering proba- 
bility Tiiioi + ^inci vanishes for e < A.) The coefficients 
also deliver the scattering phase shifts (/>R,T;ci.inci, with 
0T;oi = argom, etc, and the delay times r = M0/de. 

Let us now discuss some special cases. In the limit 
A — > of slow tunneling we find 



R = 



4fc2 + [/2 



, i?oi = cos^(fcL)i?, i?inci = sin^(fcL)i?, 



T = T,, = 



, Tinol — 0. 



(7) 



Qualitatively, the parameter dependence of Eq. (^ cor- 
responds to the result in Born approximation, Eq. (|^), 
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FIG. 2. Upper panel: Probabilities of transmission 
Tel + Tinei (solid curve) and inelastic scattering Tinei + fiinci 
(dashed curve) for the one- dimensional model with U — oo 
as a function of kL/n, for A/e = 0.4. Lower panel: delay 
times rT;oi (solid curve), rH,;oi (long dashes, peaks pointing up- 
wards), and TRiinoi (short dashes, peaks pointing downwards), 
in units of tq = h/e. 



with parallel vectors || k; || Tq. Moreover, the to- 
tal transmission and reflection probabilities are the same 
as for the conventional problem of a single delta func- 
tion of strength U [see Eq. (^]. However, the scatterer 
has a finite probability i?inoi to change its internal state. 
(This can be probed in the elastic channel if A is greater 
than the energy resolution of the detector, but still much 
smaller than e.) 

In the limit U ^ k oi strong scattering, according to 
Eq. (|^) the transmittance vanishes for A = 0. In strik- 
ing contrast, a finite transmission probability results for 
A 7^ even in the limiting case C/ — > oo, which can be in- 
terpreted as systematic avoidance of the particle and the 
scatterer. For A < e we find in this limit the coefficients 

am = 2ikexp{iqL)g^^ Im f, 
Cm = exp[i(fc - q)L/2]aiu, 

bi = 2qg~^[i Im / — A:(cos kL + cos qL)] , 

di = fc exp[-i{k + q)L/2]g~'^ 

X [(exp[2igL] - l)k + (cxp[2iA:L] - l)g], (8) 

where / = qexp(iA;L) — kevp{iqL), g — {k + q)'^ — p. 
The proportionality between the transmission coefficients 
am and cm in Eq. (|^) entails for the elastic and inelastic 
transmission delay times the relation 



L \ 1 



4 \(J k 



2m 
IT' 



(9) 



where we momentarily reintroduced the units h, m. 

The corresponding probabilities of transmission and 
inelastic-scattering, as well as the delay times tt;o1, tricI, 
and TRjinci, are plotted in Fig. || as function of kL/n for 



fixed A/e = 0.4. We find a regular sequence of trans- 
mission zeros, accompanied by long delay times for the 
various scattering processes. The peaks of TR^ei point up- 
wards, the peaks of TR^inei point downwards. The trans- 
mission probability is modulated by a function F[kL/-K) 
[related to / in Eq. (|)] with period p = 2/ ( 1 - ^1 - A/e) 
and maxima at kLpk = (n -t- l/2)p. In the limit e 3> A 
(where p ~ 4e/A) the maxima occur when the time of 
fiight L jv of the particle between the two positions of the 
obstacle is an odd multiple of the tunneling time /i/2A 
between these positions (the minima occur at even mul- 
tiples). Close to the minima the peaks in tr^oI and TR.inci 
alternate; close to the maxima they coincide. 

At A = e the momentum q vanishes, and the inelastic 
scattering rate (which is proportional to Re q) drops to 
zero. The transmission probability becomes 



T = t;, = 



{kL-'smkLf 



(1 + cos kLY + {kL - sin kLf ' 



(10) 



In the limit kL 3> 1 the transmission probability T = 1. 
This is a remarkable observation: The scatterer becomes 
totally transparent although J7 — > oo. 

Another remarkable case of total transmission is found 
for A > e, where all electrons are scattered elastically. 
The transmission probability is now 



T = Ta = 4fc2(fcsinhL|g| - |g| sin fcL)2e"2^l«l 



Y.\{k + i\q\f ~e^^{ke 



-L(|g|+jfc) _ 



(11) 



The delay times and tr are equal (this is a joint conse- 
quence of the unitarity of the scattering matrix and the 
refiection symmetry of the potential). At large length 
L ^ l/l^l the transmission amplitude t becomes exactly 
identical to the transmission amplitude of the Fabry- 
Perot interferometer, Eq. (^, with U replaced by 2\q\. 
Hence, although we started out with an infinite scatter- 
ing strength [/, the finesse of the quantum version of the 
Fabry-Perot interferometer is finite. 

The transmission probability and the delay time is 
plotted for A/e = 4 as a function of kLj-K in Fig. ^ 
(solid curves). The dashed curves show these quantities 
for two fixed classical barriers with scattering strength 
Ujk = 2^3. The comparison again demonstrates that 
the quantum obstacle behaves as two fixed classical scat- 
terers when the tunnel splitting exceeds the kinetic en- 
ergy 

Let us briefly discuss some implications of our results 
for mesoscopic systems. A possible manifestation of the 
delocalized scatterer is an interstitial defect, like a light 
atom, which hops between two energetically equivalent 
positions. When the thermal excitation energy is of the 
order of the energy barrier that the particle has to over- 
come, the defect jumps incoherently from one position 
to another. Since the potential in the system is changed 
after each jump, the conductance exhibits random tem- 
poral fluctuations (telegraphic noise) between two values 
Gi and G2 ■ For a long measurement time one mea- 
sures the time average (G) = (Gi -|- G2)/2. 
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FIG. 3. Transmission probability T (upper panel) and de- 
lay time r in units of tq = h/e (lower panel), as a function of 
khj-K. The solid curve is the result for the quantum obsta- 
cle with scattering strength U = oo and A/e = 4, the dashed 
curve (nearly indistinguishable from the solid curve) the result 
for the conventional Fabry-Perot interferometer (two fixed 
classical barriers) from Eq. (^ with U /k = 2\/3- 

For lower temperature one enters the coherent regime 
in which the defect acts as a quantum obstacle. If A is 
sufficiently large the defect is in its ground state, as we 
have assumed in our analysis. Up to now, however, we 
have neglected many-body effects. The most straight- 
forward modification is to account for the Pauli blocking 
of states below the Fermi energy E-p: Inelastic scatter- 
ing is forbidden when the excitation energy e — E-p < A. 
(The typical excitation energy is given by the potential 
drop eV or by the thermal excitation energy, whatever 
the larger.) More intricate many-body effects arise, for 
example, from sequential scattering of several particles by 
the same quantum scatterer. If these can be neglected 
and inelastic processes are forbidden by Pauli blocking, 
we can use the Landauer formula G = {e^ /h)T to relate 
the conductance to the transmission probability calcu- 
lated above. 

Can one also realize the serial quantum obstacle in one 
dimension (the Fabry-Perot interferometer)? An exper- 
imentally controllable set-up could consist of a single- 
channel wire placed adjacent to a double-quantum-dot 
device, which is tuned in resonance in the Coulomb- 
blockade regime. (For some experiments on double dots 
see Ref. ^,0].) The quantum obstacle is the electron 
which occupies the two degenerate levels on the dots, 
and interacts with the electrons in the wire by Coulomb 
repulsion. However, once again for a quantitative theory 
one cannot neglect many-body effects. In order to cir- 
cumvent these complications to some extent, one might 
think of injecting "hot electrons" from one end of the 
wire, by shooting them over an additional potential bar- 
rier. In this way the excitation energies can be restricted 



to a small energy interval which is well separated from 
the Fermi energy. 

In summary, we have investigated scattering by a quan- 
tum obstacle which is delocalized in space, and found 
close analogies to the double slit and the Fabry-Perot 
interferometer. This owes to the capability of the scat- 
terer to act as a collection of classical scatterers for fast 
coherent tunneling (which can be interpreted as unsuc- 
cessful resolution of the scatterer position by the parti- 
cle) . A striking feature of the quantum obstacle is that 
an infinitely high potential barrier can become transpar- 
ent (which can be interpreted as successful avoidance of 
the particle and the scatterer). Additional regimes with 
a rich phenomenology have been identified, depending on 
the kinetic energy of the incoming particle and the tunnel 
frequency of the scatterer. 

Recent experiments on mesoscopic structures have 
probed the scattering by tunable |^,^ or spontaneously 
formed two-level systems consisting of mobile enti- 
ties. These are classical obstacles at high temperatures, 
but could turn into quantum obstacles as the tempera- 
ture is lowered. It is challenging to find signatures for 
having entered this new regime. We propose the appear- 
ance of interference effects like the ones discussed in this 
paper as such a signature. We have concentrated on a 
single-particle scenario which neglects many-body effects 
of the scattered particles, most importantly sequential 
scattering of several particles by the same quantum scat- 
terer. In view of the mesoscopic applications, our results 
could serve as the building block for a more quantitative 
theory that includes these effects. This is a promising 
subject for further investigations. 
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